A useful result in critical point theory is that the LjusternikSchnirelmann category of the space of based loops on a compact simply connected manifold M is infinite (because the cup length of M is infinite). However, the space of free loops on M may have trivial products. This note shows that, nevertheless, the space of the free loops also has infinite category.
Introduction
It is a standard result that if M is a simply connected compact manifold and Sl(M) = il(M ,x0) is the space of based loops on M (based at xQ ), then the Ljusternik-Schnirelmann category cat Q(M) = +00. This follows from the now classical result (Serre [11] , that the real (or rational) cohomology of £l(M) has nontrivial cup products of arbitrary high length (see also [10] ). An inspection of the proof will convince the reader that compactness is not required for the proof of this result. All that is required is that the real (or rational) cohomology H*(M) be finitely generated and for some /' > 0 H'(M) ^ 0. However, for the free loop space A(M), where A(M) = {a e M', a(0)=a(l)}, it isn't necessarily the case that the cohomology of A(M) has nontrivial cup products. This is a relatively recent result of M. Vigué-Poirrier and D. Sullivan [13] , where, for example, the reduced real cohomology of the free loops on the 2-sphere S has trivial cup products. In view of this fact, it is natural to inquire about that category of the free loop space A(M). We will show that when M satisfies the preceding conditions, This will allow a direct application of the Ljusternik-Schnirelmann method to, for example, functionals defined on the Sobolev space W^'2 = {f:[0,T]^Un-0, f(0) = f(T)}.
See §4 and [1] , [9] .
The basic result is the following property of Hurewicz fibrations [7] , which we prove in the next section.
Theorem. Let F -l-* E -^-» T7 denote a Hurewicz fibration which admits a section a: B -► E, and F, B, and E are O-connected. If Q c F is any subset of F, then catf Q < cat£ Q.
When applied to the fibration Q(M) -► A(Af) -► M we obtain:
Corollary. Let M denote a simply connected manifold (not necessarily compact) such that the real or rational cohomology Hq(M) is finitely generated for each q and H'(M) ^ 0 for some /' > 0. Then cat A(M) = oo. §3 considers the category of the free loop space on configuration spaces.
Results
We recall first a basic lemma for Hurewicz fibrations [2] . If F -'-* E -?-* B is a Hurewicz fibration, then there is a lifting function X: Q. _ -► E , where Çlp = {(x, co) e E x Ti' : p(x) = co(0)} , where X(x, co)(0) = x ; p(X(x, co)(t)) = oi(t), 0 < t < 1 . X induces X: E1 -► El by setting 1(a) = A[a(0) ,pa].
2.1. Lemma [7] . X ~ id preserving projections, i.e., there is a homotopy F: E1 x I -* I such that TQ = id, Tx = X and pT(a,s)(t) = pa(t) for a e E1, s, tel.
2.2. Proposition. Let F -U E -?-+ B denote a Hurewicz fibration with base points x0 e F, b0 e B, F = p~ (b0). We assume that Q : Q(E,x0) -► Cl(B,b0) admits a section a. If Y is any space and f:Y->F is a map homotopic in E to the constant x0, the f is homotopic in F to x0. Note that C(y ,0) = xQ, C(y, 1) = g(y), and C(y ,s) e F , 0 < s < I . Thus, / ~ x0 : Y -> F and the proposition follows. 2.3. Remark. The reader will note the similarity between Proposition 2.2 and the classical result that it : nt(F) -► nt(E) is injective when p admits a section [12] . Proposition 2.2 may also be thought of as a situation when the fiber is totally non-homotopic to zero. 2.8. Remark. Suppose F is a closed subset of E and Q c F. Then, the reverse inequality cat^ß < catFQ holds whenever E is and ANR(normal). This is the case in Corollary 2.4 and hence there the inequality is actually an equality. Now, we consider the question of compact subsets of A(M) of arbitrarily high category.
2.9. Lemma. Suppose X is a space such that for some field F the cup length of X over F using singular cohomology is > k ; then X has a compact subset of category > k. Proof. We mention first that throughout we employ singular homology and cohomology with coefficients in F and will make use of the universal coefficient theorem isomorphism y:Hq(X)^HomF(Hq(X);F).
Let w = axa2---ak e Hq(X) denote a nontrivial cup product of length k. Then, y(w) ± 0 and hence there is a singular cycle Ç such that y(w)([Ç]) f-0. Let A denote the (compact) support of £. Then, it is easy to check that if i: A -t X is the inclusion map, i*(w) = i*(ax) ■ ■ ■ i*(ak) is nonzero in Hq(A).
Thus the cup length of A in X is > k and cat^ A > k .
2.10. Corollary. Let M denote an admissible manifold with base point xQ.
Then, the space of based loops Çl(M,x0) (and hence the space of free loops A(M) ) contains compact subsets of arbitrarily high category.
Configuration spaces
If M is any space the kth configuration space of X, k > 1, is defined by (see [6] )
Ek(M) = {(xx,... ,xk),x¡ €M,x¡ ¿ Xj, for i ± j}.
We will make of the following propositions. Cohomology will be over a field F of coefficients.
3.1. If M is a manifold (without boundary) and k > 2, then we have locally trivial fibrations
where Qe M and p(xx, ... ,xk) = xk; and
where Qk_x C M is a subset of k -1 elements and q(xx, ... ,xk) = (xx,... ,xk_x).
If AT is a simply connected manifold, dim M = m > 3, and H'(M) is
finitely generated over a field F for each i, then for k > 1 Fk(M) is simply connected and H'(Fk(M)) and H'(QFk(M)) are finitely generated over F for each i. We prove the proposition. 4. An application
In [9] , Rabinowitz used the main result of §2 (corollary 2.10) in the special case where AT = R -{0} to prove the existence of infinitely many periodic solutions of a certain Hamiltonian system. In this section we give an alternative argument for a key proposition in his treatment based upon a general abstract critical point theorem. That theorem is the analogue of a previous "linking" result in [5] done in the context of a relative cohomological equivariant index theory which will be replaced here by relative (Ljusternik-Schnirelmann) category theory introduced in [3] and [4] .
We review first one version of relative category. If (E ,A) is a topological pair with A ^ <p and closed in E, then for A c X c E we define the relative category catE(X ,A), as follows. Relative category may be used to define a "linking" concept as follows. is precompact. (PS)S is used crucially in the following deformation theorem ( [8] , [9] ). We will use that notation Kc = {q e A,/(c) = 0, and f(q) = c} .
Also f = {qeA:f(q)<a}. so that catA(Z -U,A) > j. But, then ca^iç»,^ -U),A) > j and <px(X -U ,A) c f~E. This forces c < c -e , which is a contradiction.
As an application of Theorem 4.6, we give an alternative proof of a result of P. Rabinowitz, which he used to prove a slightly more general result [9] . The setting is the following Hamiltonian system. (VI) V(t,q) is a c'-function from Rxfi^R, £2 = R"-{0}, «>3, which is T-periodic in t. A is an open subset of ET and A has the same homotopy type as the space A(R" -0) of free loops on R" -0. R" -0 is identified with the constant loops in R" -0.
Corresponding to (HS) is the functional I : A -* R given by
Critical points of I give classical T-periodic solutions of (HS) (see [9] ). We set 7£ = {aeA:7(a)<e}. Proof. First we choose a decreasing sequence sm > 0 such that em -► 0 and a corresponding increasing sequence Rm > 0 such that Rm -* +00 with the property that \V(t,q)\ < em implies \q\ > Rm.
Choose an index k such that This forces (14) [<¡] + (l-s)Q(t)¿0, 0<s, t<l.
Thus the homotopy has range in A and deforms Ie into the subspace R" -B(0,p), p -(2eT) ' . If one follows 77 by a radial homotopy, we obtain a deformation of f to R" -77(0,Tc), with Rn -B(0,R) fixed throughout the composite homotopy. This also shows that catA(A -B,A) = 0. Finally, since catA A = 2 and catA = +oo, it is clear that catA(A, A) = +oo.
4.8. Theorem. (Rabinowitz[9] ). If we assume that V satisfies (V1)-(V4), the function I possesses an unbounded sequence of critical values. Proof. Rabinowitz [9] verifies that I satisfies (PS)S for all s > 0 and we will not repeat the argument. In view of Proposition 4.7, the proof is now a direct application of Theorem 4.6.
